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Abstract 

We consider, in quantum scattering theory, symmetrised time delay defined in 
terms of sojourn times in arbitrary spatial regions symmetric with respect to the origin. 
For potentials decaying more rapidly than la;]^* at infinity, we show the existence of 
symmetrised time delay, and prove that it satisfies an anisotropic version of Lavine's 
formula. The importance of an anisotropic dilations-type operator is revealed in our 
study. 

1 Introduction and main results 

It is known for long that the definition of time delay (in terms of sojourn times) in scat- 
tering theory has to be symmetrised in the case of multichannel-type scattering processes 
(see e.g. ID |4] [12] [T3] [21] |22l). More recently |I6| it has been shown that symmetrised 
time delay does exist, in two-body scattering processes, for arbitrary dilated spatial re- 
gions symmetric with respect to the origin (usual time delay does exist only for spherical 
spatial regions ||20| ). This leads to a generalised formula for time delay, which reduces to 
the usual one in the case of spherical spatial regions. The aim of the present paper is to 
provide a reasonable interpretation of this formula for potential scattering by proving its 
identity with an anisotropic version of Lavine's formula ifTTI . 

Let us recall the definition of symmetrised time delay for a two-body scattering 
process in M'', d > 1. Consider a bounded open set S in containing the origin 
and the dilated spatial regions := {rx \ x S S}, r > 0. Let 77o '■— be 
the kinetic energy operator in H. L^(M'') (endowed with the norm || • || and scalar 
product (•, •)). Let iJ be a selfadjoint perturbation of Hq such that the wave operators 
W± := s- limj^ioo e**-'^ e~**^'' exist and are complete (so that the scattering operator 
S := W^W- is unitary). Then one defines for some states ip G H and r > two sojourn 
times, namely; 



r 
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and 

If the state </? is normalized to one the first number is interpreted as the time spent by the 
freely evolving state c~**^" if inside the set E,-, whereas the second one is interpreted as 
the time spent by the associated scattering state e~**^ W-ip within the same region. The 
usual time delay of the scattering process with incoming state f for Er is defined as 

r;"(^) :=r.(^)-T°(^), 

and the corresponding symmetrised time delay for is given by 

If E is spherical and some abstract assumptions are verified, the limits of t™ {(p) and Tr {(p) 
as r — > OO exist and satisfy ||6l Sec. 4.3] 

lim Tr{^) = lim r;"(^) = -^H'^^^, S*[D, S]H-'^\) , (1.1) 

r — ^oo r — voo 

where D is the generator of dilations. If E is not spherical the limit of T"^{(p) as r ^ cx) 
does not exist anymore 1201 . but the limit of Tr{(p) as r oo does still exist, as soon as 
E is symmetric with respect to the origin (61 Rem. 4.8]. 

In this paper we study T, ((p) in the setting of potential scattering. For potentials 
decaying more rapidly than at infinity, we prove the existence of limr^oo Tr{ip) by 
using the results of ||6l . In a first step we show that the limit satisfies the equality 

lim Tri^p) - -{fiHor'/'-if,S*[D^,S]f{Ho)-^^^p), (1.2) 

r — voo 

where / is a real symbol of degree 1 and Dj: = D^{f) is an operator acting as an 
anisotropic generator of dilations. Then we prove that Formula ( 11.21 ) can be rewritten as an 
anisotropic Lavine's formula. Namely, one has (see Theorem l4.5l for a precise statement) 

/OO 
ds { c-^'" W.J{Ho)-^'\, Vsj c--^ W.J{Ho)-^'^v), (1-3) 
-OO 

where the operator 

y^j^fiH)-f{Ho)-i[V,D^] 

generalises the virial V := 2V — i[V, D]. Formula ( 11.31 ) provides an interesting relation 
between the potential V and symmetrised time delay, which we discuss. 

Let us give a description of this paper. In section |2] we introduce the condition on 
the set E (see Assumption 12.11 ) under which our results are proved. We also define the 
anisotropic generator of dilations and establish some of its properties. Section [3] is 
devoted to symmetrised time delay in potential scattering; the existence of symmetrised 
time delay for potentials decaying more rapidly than |a;|~'' at infinity is established in 



2 



Theorem 13.51 In Theorem 14.51 of Section]?] we prove the anisotropic Lavine's formula 
(11.3b for the same class of potentials. Remarks and examples are to be found at the end of 
Section]!] 

We emphasize that the extension of Lavine's formula to non spherical sets S is 
not straightforward due, among other things, to the appearance of a singularity in the 
space of momenta not present in the isotropic case (see Equation ( 12.7b and the paragraphs 
that follow). The adjunction of the symbol / in the definition of the operator D^^ (see 
Definition |2.2| ) is made to circumvent the difficulty. 

Finally we refer to |]9l (see also |]8]lTT]ll5]ll6]ll7l) for a related work on Lavine's 
formula for time delay. 

2 Anisotropic dilations 

In this section we define the operator and establish some of its properties in relation 
with the generator of dilations D and the shape of E. We start by recalling some notations. 

Given two Hilbert spaces Jii and 7^2, we write ^^{Hi , 7^2) for the set of bounded 
operators from Til to 7^2 with norm || • \\'Hi-^H2^ and put ,^(7ii) := ,^(7ii,7ii). We set 
Q ■= (Q17 Q2, • ■ • , Qd) and P := (Pi, P2, • • • , Pd), where Qj (resp. Pj) stands for the 
j-th component of the position (resp. momentum) operator in H. N := {0, 1, 2, . . .} is the 
set of natural numbers. 7i^, fc G N, are the usual Sobolev spaces over M'', and Hf{M.'^), 
s,t €M., are the weighted Sobolev spaces over Mf^ HI Sec. 4.1], with the convention that 
H%R'^) := n-^{M'^) and Ht{R'^) := H'^iR'^). Given a set C we write 1m for 
the characteristic function for Ai. We always assume that S is a bounded open set in M.'^ 
containing 0, with boundary 9S of class C*. Often we even suppose that S satisfies the 
following stronger assumption (see |]6l Sec. 2]). 

Assumption 2.1. E is a bounded open set in M'' containing 0, with boundary dY, of class 
C*. Furthermore S satifies 



If p e M"^, then the number dt Is [tp) is the sojourn time in S of a free classical parti- 
cle moving along the trajectory t ^ x{t) tp, t>{). Obviously S satisfies Assumption 
I2.1l if E is symmetric with respect to {i.e. S = — S). Moreover if E is star-shaped with 
respect to and satisfies Assumption l2.1l then S = — E. 
We recall from IS] Lemma 2.2] that the limit 



exists for each x eW^\ {0}, and we define the function Gs : M'' \ {0} ^ R by 




[]1s(m^') - Is (-Ma;)] =0, Vx G W. 




(2.4) 



Ge(x) :=i[i?E(x)+PE(-x)]. 



(2.5) 
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The function Gs : M'' \ {0} ^ R is of class since 9E of class C^. Let xeM.'^X {0} 
and i > 0, then Formulas ( 12.4b and ( 12.51 ) imply that 

Gs(ia;) =Gs(x) -ln(t). 

From this one easily gets the following identities for the derivatives of Gy,: 

x-{VG^){x) = -l, (2.6) 

tl"l(9"Gs)(te) = (a"Gs)(x-), (2.7) 

where a is a d-dimensional multi-index with \a\ > 1 and d" := 5"^ • • • d^''. The second 
identity suggests a way of regularizing the functions djGs which partly motivates the 
following definition. We use the notation 5^(M; M), /i e M, for the vector space of real 
symbols of degree /.j on M. 

Definition 2.2. Let f e S^{R; M) be such that 

(i) /(O) = and f{u) > for each u > 0, 

(ii) for each j ~ 1,2, ... ,d, the function x i— > {djGs){x)f{x'^/2) (a priori only de- 
fined for X eR'^MO}) belongs to C^iM."^; R). 

Then we define Fs : ^ M'' by F^{x) -(yG^){x)f{x^/2). 

Given a set E there are many appropriate choices for the function /. For instance if 
7 > one can always take f{u) = 2(u^ + 7)^^^'^, u G M. But when E is equal to the 
open unit ball B := {x £ \ \x\ < 1} one can obviously make a simpler choice. Indeed 
in such case one has 161 Rem. 2.3.(b)] (9jGb)(x) = —XjX~'^, and the choice /(u) = 2u, 
u e M, leads to the G°° -function F^{x) — x. 

Remark 2.3. One can associate to each set E a unique set E symmetric and star-shaped 
with respect to such that Gs = Gg /0 Rem. 2.3.(c)]. The boundary 9E o/E satisfies 

as := {c'^=(")x I X e R'*\{0}}, 

and Er {rx \ x £ E}, r > 0. Thus the vector field F^. = i^g is orthogonal to the 
hypersurfaces 9Er in the following sense: if v belongs to the tangent space of dY,r at 
y £ dilr, then Fs{y) is orthogonal to v. To see this let s 1-^ y{s) = re'^^^^^^)) x{s) 
be any differentiate curve on 9Er- Then ^ y{s) belongs to the tangent space ofd'Er cit 
y{s), and a direct calculation using Equations ( I2.6I )-( |Z7] | gives Fs(?/(s)) • ^ y{s) ~ 0. 

In the rest of the section we give a meaning to the expression 

:=i[Fs(F)-Q + g-^^s(P)], 

and we establish some properties of Dj2 in relation with the generator of dilations 

D := \{P-Q + Q-P). 

For the next lemma we emphasize that Ti? is contained in the domain V(^f{Ho)) of 
f{Ho). The notation (•) stands for -^/l + | • p, and is the Schwartz space on M"*. 
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Lemma 2.4. Let T, be a bounded open set in containing 0, with boundary 9E of class 
C^. Then 

(a) The operator D^: is essentially selfadjoint on ,5/' . As a bounded operator, ex- 
tends to an element of.SS{'Hl, Hlzl) for each s G M, t e [-2, 0] U [1, 3]. 

(b) One has for each t eRandip e V{D^) n V{f{Ho)) 

e-uH„ jj^ ^UH„ tfiHo)]ip. (2.8) 

In particular one has the equality 

i[Ho,Dj:]^ fiHo) (2.9) 
as sesquilinear forms on V^Dy.) H Ti?. 

The second claim of point (a) is sufficient for our purposes, even if it is only a 
particular case of a more general result. 

Proof, (a) The essential seladjointness of on ,5^ follows from the fact that Fy, is of 
class (see e.g. HI Prop. 7.6.3.(a)]). 

Due to the hypotheses on one has for each ip E ,y the bound 

\\{d'^FYj){PM < Const. II (P) (^11, (2.10) 

where F^j is the j-th component of Fj: and a is a d-dimensional multi-index with |q;| < 
3. Furthermore 

WD^Wni^nr' < E II [F^AP)Qj + f ^|| 

for each s E M. Since (Q)^ acts as the operator 1 — A after a Fourier transform, the 
inequalities above imply that Ds extends to an element of ^(Tig, 7^2^). A similar argu- 
ment shows that Dy extends to an element of ,'3§{TL\,W~^) for each ,s G M. The second 
part of the claim follows then by using interpolation and duality. 

(b) Let LP G c-'*^^' y. Since c-**-^^" Qj c'*"" ip = (Qj - tPj)ip, it follows by 
Formula ( 12.6b that 

g-^tffo jj^ ^tHo ^=[DY+tP- {VGY){P)f{Ho)]p = [Dy - tf{Ho)]^. 

This together with the essential selfajointness of e~**^° Dy: e**^° on e"'*^^' .y implies 
the first part of the claim. Relation ( 12.91 ) follows by taking the derivative of (12.8b w.r.t. t in 
the form sense and then posing t = 0. □ 

Remark 2.5. IfY^^B and f{u) = 2u, then Fy{x) = x for each x G K^, and the 
operators Dy and D coincide. IfT, is not spherical it is still possible to determine part of 
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the behaviour of the group Wt := e'-''^^ . Indeed letRxM.'^ 5 {t,x) i-^ ^t{x) GM.'^bethe 
flow associated to the vector field ~F^, that is, the solution of the differential equation 

= (VGs)te(x))/(6(x)V2), Ux)^x. (2.11) 

Then it is known (see e.g. the proof of ^ Prop. 7.6.3.(a)]) that the group Wt acts in the 
Fourier space as 

{Wtip) (x) := ^^ipi^x)), (2.12) 

where r]t{x) = det(V^t(a;)) is the Jacobian at x of the mapping x i-^ £,t{x). Taking the 
scalar product of Equation (12.11b with ^t(x) and then using Formula (I2.6l l leads to the 
equation 

= -2/(6(x)V2), Ux)=x. 
Ift < and X ^ 0, then £,t{x)'^ > x^ > 0, and S.tix)'^ is given by the implicit formula 

2t+ / duf{u/2)-^ = 0. 

This, together with the facts that x ^ /(.t^/2) belongs to S'^(R;R) and f{u) > 
for u > 0, implies the estimate (^t(x)) < e^'^* (x) for some constant C > 0. Since 
{^t{x)) < {x) for each t > it follows that 

(ei(z))<(l+e-«)(z) (2.13) 

for all t ^ M. and x G M"* (the case x = is covered since ^t(O) = Ofor all t G Mj. 
Equation (|2.13t implies that the domain Ti? ofHo is left invariant by the group Wt- 

The results of Remarks |2.3| and |2.5| suggest that Wt may be interpreted as an anisotropic 
version of the dilations group, which reduces to the usual dilations group in the case 
E = S and fiu) = 2u. 

In the next lemma we show some properties of the mollified resolvent 

Rx := i\{DT. + iXy^ , AgR\{0}. 

We refer to IfTSl Lemma 6.2] for the same results in the case of the usual dilations gen- 
erator D, that is, when Y, ^ B and f{u) — 2u. See also ||5] Lemma 4.5] for a general 
result. 

Lemma 2.6. Let T, be a bounded open set in M.'^ containing 0, with boundary dT, of class 
C^. Then 

(a) One has for each t G R and ip G P(^f (P)^) 

e'*^- iJoC-**^- V = \UP)\- (2.14) 
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(b) For each A €E K with |A| large enough, R\ belongs to ^(7i^), and R\ extends to 
an element ofI^{TC~^). Furthermore we have for each ip g Ti.^ and each G T-L~^ 

lim ||(l-ii'A)^|k^ =0 and lim ||(1 - i?A)^||^-2 = 0. 

|A|^oo |A|— >oo 

Proof, (a) Let if G c^^^^ A direct calculation using Formula < l2.121 t gives 
(^e^*^-ifoe-'^*^- ^)(fc) = 

where ^ is the Fourier transform. This together with the essential selfajointness of e**^^ e" 
on e'*^^ ,^ impUes the claim. 

(b) Let If G Ti? and take A G M with |A| > C, where C is the constant in the 
inequality ( |2.13t . Using the (strong) integral formula 



di e^* e-'*-"^ , sgn(A) = ±l, 



Jo 

and Relation ( 12.141 ) we get the equalities 

+ iA)-V = {Ho + + iA)-i(i/o + 1)V 

/•TOO 

+ i / dt e^* [e-'*^^(i?o + l)"'] (ifo + l)'P 
= (i/o + iy\D^ + zA)-i(i/o + l)v 

/•TOO 

Jo 

/•TOO 

= (i/o + l)"'(^s+*A)-V+5(-ffo + l)"' / di e^*e-**^-6(^')V■ 
It follows that 

/•Too 

HoRxip = -| / dt e^* e-'*^- sgn(A) ±1. 

Jo 

Now |A| > C, and ||Ct(P)^V?|| < (1 + e-")||.^[|^2 due to the bound ^A3\) . Thus 

WHoRx^W < ^ / d^ e-l^l* ||e-sgn(A)t(-P)V|| 
Jo 

/>OC 

< \A / dt(e-|^l*+e(^Sn(A)c-|A|)t)||^||^^ 

Jo 

< Const. 11^11^2. (2.15) 
Using the estimate ( 12.15b and a duality argument one gets the bounds 

\\R\\\n^~>n^ < Const. and \\R\\\-}i-2^n-^ < Const., (2.16) 



which imply the first part of the claim. For the second part we remark that 

1-Rx = iiX)-'Dj:Rx 

on TC. Using this together with the bounds ( 12.16b one easily shows that lim|^|^oo II (1 ^ 

R\)ip\\']-i2 — for each ip G and that lim|A|^oo II (1 ^ R\)''P\\n-^ — for each 



3 Symmetrised time delay 

In this section we collect some facts on short-range scattering theory in connection with 
the existence of symmetrised time delay. We always assume that the potential V satisfies 
the usual Agmon-type condition: 

Assumption 3.1. V is a multiplication operator by a real-valued function such that V 
defines a compact operator from Ti? to Ti,Kfor some k > 1. 

By using duality, interpolation and the fact that V commutes with the operator (Q)*, 
i e M, one shows that V also defines a bounded operator from Hf'^ to Ttf:^^ for any s G 
[0, 1], t G M. Furthermore the operator sum H :— Hq + V is selfadjoint on T>{H) ~ H^, 
the wave operators W± exist and are complete, and the projections are locally 

iJ-smooth on (0, oo) \ crpp(iJ) (see e.g. Q Sec. 3] and 12] Sec. XIII.8]). 

Since the first two lemmas are somehow standard, we give their proofs in the ap- 
pendix. 

Lemma 3.2. Let V satisfy Assumption \3n\ with k > 1, and take z G C\{tT(iJo)UtT(iJ)}. 
Then the operator {H — z)^^ extends to an element of SSili,^^'' , T^t^^ '''^) for each s G 
[0, 1], t G M. 

Alternate formulations of the next lemma can be found in fT] Lemma 4.6] and ll22l 
Lemma 3.9]. For each s > we define the dense set 

:= G V{{Qy) I 7j{Ho)ip = for some 7? G C7o°°((0, oo) \ app(i/))}. 

Lemma 3.3. Let V satisfy Assumption 13. 1 1 with k > 2. Then one has for each (p E 
with s > 2 

\\{W- ~ 1) e-'*"° ip\\ GL^(K_,dt) (3.17) 

and 

\\{W+ -l)e-'*"° ip\\ GLi(R+,di). (3.18) 

Lemma 3.4. Let V satisfy Assumption 13. 1 1 with k > 4, and let ip G ^sfor some s > 2. 
Then there exists s' > 2 such that Sip G ^s', ond the following conditions are satisfied: 

\\{W--l)e~'*"°ip\\el\R-,dt) and \\{W+ - 1) c-'*"° S(p\\ e l\R+,dt). 
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Proof. The first part of the claim follows by ifTOl Thm. 1.4.(ii)]- Since ip £ and Sip S 
with s, s' > 2, the second part of the claim follows by Lemma [33] □ 

Theorem 3.5. Let S satisfy Assumption \2.1\ Suppose that V satisfies Assumption \3. l\ with 
K > 4. Let £ S!s with s > 2. Then the limit of Tr{ip) as r —> oo exists, and one has 

lim Tr{^) = -{f{Hor^^\,S*[D^,S]f{Hor'/^v). (3.19) 

7' — yoo 

Proof. Due to Lemma [34] all the assumptions for the existence of \imr-,oo Tr{(p) are 
verified (see ||6] Sec. 4]), and we know by Theorem ||6] Thm. 4.6] that 

lim Trip) = -1 S* [t[Q\ Gs(P)], S] ip.) . 

It follows that 

lim Trip,) = \ iv. S*{Q ■ (VGs)(P) + (VGs)(P) • Q, S\p) 

r — >oo 

= i(/(i/o)-^/V^*[/(i^o)^/'(0- (VGs)(P) 

+ i\/G^)iP) ■Q)fiH„)'/\S]fiHo)-'/'p) 
= -{fiHo)-'/'p>, S*[D^, S]fiHo)-'/^p). 

□ 

Note that Theorem l3.5l can be proved with the function /(m) = 2u, even if S is not 
spherical. Indeed, in such a case, point (ii) of Definition 12.21 is the only assumption not 
satisfied by /, and a direct inspection shows that this assumption does not play any role 
in the proof of Theorem l3.5l 

Remark 3.6. Some results of the literature suggest that Theorem \3.5\ may be proved under 
a less restrictive decay assumption on V if one modifies some of the previous definitions. 
Typically one proves the existence of (usual) time delay for potentials decaying more 
rapidly than | x | ~ ^ (or even \x\^^) at infinity by using smooth cutoff in configuration space 
and by considering particular potentials. The reader is referred to ^ [74] [75] [25] 1241/ for 
more informations on this issue. 

4 Anisotropic Lavine's formula 

In this section we prove the anisotropic Lavine's formula (ll.3l l. We first give a precise 
meaning to some commutators. 

Lemma 4.1. Let Y, be a bounded open set in Mf^ containing with boundary dT, of class 
C^. Let V satisfy Assumption \3. 1 1 with k > 1. Then 

(a) The commutator [V, 7?s], defined as a sesquilinear form on 2?(_Dx;) H Ti^, extends 
uniquely to an element o/^(7i^, Ti.~^). 
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(b) For each t £ M the commutator [DE,e '*^], defined as a sesquilinear form on 
2?(Ds) n H'^, extends uniquely to an element [Dy., e"**^]" 0/^(7^2,7^"^) which 
satisfies 

||[i^E,e-**^]i^,_^^_, < Const. 

(c) For each i] G C(j"(M) the commutator [Ds,7y(_ff)], defined as a sesquilinear form 
on V{Dy) n T-p, extends uniquely to an element of S§{TC). In particular, the oper- 
ator 1]{H) leaves ^{Dy) invariant. 

Proof. Point (a) follows easily from Lenima |24l (a) and the hypotheses on V . Given point 
(a) and Lemma l276l (b). one shows points (b) and (c) as in |T8] Lemma 7.4]. □ 

If V satisfies Assumption 13 . 1 1 with k > 2, then the result of Lemma|4Tl(a) can be 
improved by using Lemma lZ4l (a). Namely, there exists (5 > | such that the commutator 
[y, Dy], defined as a sesquilinear form on 'D{Ds) H TC^, extends uniquely to an element 

[V,D^]- of I^{Hls,ns^)- 

Next Lemma is a generalisation of lH Lemmas 2.5 & 2.7]. It is proved under the 
following assumption on the function /. 

Assumption 4.2. For each t G R there exists p > 1 such that the operator f{H) — f{H()), 
defined on TL^, extends to an element of^iTi.^, TLtJ^-p). 

We refer to Remark l4~4l for examples of admissible functions /. Here we only note 
that the operator 

Vs,/ := f{H) - i[H, D^f = f{H) - f{Ho) - t[V, D^]\ 

belongs to for some (5 > i as soon as / satisfies Assumption |4.2| 

Lemma 4.3. Let Yibe a bounded open set in R'' containing 0, with boundary dYi of class 
C^. Let V satisfy Assumption 13.71 with k > 2. Suppose that Assumption \4.2\ is verified. 
Then 

(a) One has for each rj G C'^ ( (0, oo) \ Upp (H) ) and each t eM. the inequality 

WiDs + i)-^ e-''" 7]{H){Ds + < Const.{ty\ 

(b) For each?] £ Cg°{{0, oo)\app{H)) the operators[Ds,W±r]{Ho)] and[Ds,Wlr]{H)], 
defined as sesquilinear forms on X'(Z?s), extend uniquely to elements of S§{TC). In 
particular, the operators W±'q{Hf)) and W^ri{H) leave 'D{Dy.) invariant. 

Proof, (a) Since the case i = is trivial, we can suppose t ^0. Let ipjtp & V{D^) n TL"^, 
then 

(7^s<^, e-**^ V^) - ((/p, c-'*« D^i^) = lim /' ds e^'-'^" i[H, D^Rx] c-^'" ^) 

^-"^ Jo 
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due to LemmalZ6l(b). By using LemmaEHCb) and Lemmal4l1(b) we get in .S8[U'^ , 'H~'^) 
the equalities 

[Dt.^c-'^"]" = c-'*" f ds c'-'" i[H, Ds]" c-*'*^ 
Jo 

= t e-'^" f{H) - e-'*" [ ds c''" Vs,/ c"'''^ . (4.20) 
Jo 

Take rj,-d £ C^((0, oo) \ ap-p{H)) with -d identically one on the support of 7y, and 
let C e C^((0,oo) \ crpp(i?)) be defined by C{u) f{u)-'^'d{u). Then t]{H) = 
f{H)C{H)r^{H) and 

= ic(^)e-'*^ f ds e-^ Vs./e--«r;(i/) + -X{H)[D^,e-''^frj{H). 
''Jo ' 

Since V^./ belongs to £i§{7i'^g,TCJ^) for some S > local i7-smoothness argument 
shows that the first term is bounded by Const. in H. Furthermore by using Lemma 
1431(c) one shows that (D^ + i)~^C{H)[D^,e-^*"Yri{H){D^ + i)-^ is bounded in Ti 
by a constant independent of t. Thus 

II + i)"' e-**^ V{H){D^ + i)-^ II < Const. \t\-\ 

and the claim follows. 

(b) Consider first W+??(i?o)]- Given rj e Co°°((0,oo) \ crpp{H)) let C e 
C|^((0, oo) \ crpp(-ff)) be identically one on the support of rj. Due to Lemma |4T|(c) 
one has on V{D^) 

[Dj:,aH)c''"v{H)c~^'"''aHo)] 

= aH)[D^,c''" r^{H) e-**^«]C(i/o) + [D^,Cm c'*^ v{H) e-'*«° ({Ho) 
+ ({H) e^'" r^{H) e"^*^" [Dj:, ({Ho)], 

and the last two operators belong to 3§{H) with norm uniformly bounded in t. Let 
(p,ip £ 'D{D^). Using Lemma |Z4l (b) and Lemma |276l (b) one gets for the first opera- 
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tor the following equalities 



= - / ds (if, C{H) c''(*-^)^ i[H, Ds]" c'"" rj{H) C^''"" ({Ho)) 
Jo 

= / d,s(^,C(i/)c*(*-^)^Vs./c'^^rKi/)e-'*^«C(^o)) 
Jo 

+ {if, CiH) e''"[Ds, riiH)] e^^'"" CiHoH') 

- t Tj{H) e^*"{f{H) - f{Ho)} e-^'"» C(^o)^) • 

The first two terms are bounded by c||(/3||-||'(/'|| with C > independent of ip, ip and t (use 
the local _ff-smoothness of j for the first term). Furthermore due to the local H- and 
-ffo-smoothness of f{H) — f{Ho) one can find a sequence i„ ^ oo as n oo such that 

lim t„(^,77(if)c'*"^{/(if)-/(i/o)}e-**"^°C(i^o)V') =0. 

71 — >00 

This together with the previous remarks imphes that 

lim (^,[i?s,C(i^)e""^r](i/)e-""^«C(^o)]V') <c'||^||.||^||, 

n — >oo 

with c' > independent of (p, V' and t. Thus using the intertwining relation and the 
identity 7y(i7o) = CiHo)r]{Ho)({Ho) one finds that 

I {D^ip, W+i^iHo)ij) - {ip, W+viHo)i;) I 

- lim I [D^XiH) e^*"^ vW c-'*"^^ CiHoM) \ 

n— M30 

<c'M-\m. 

This proves the result for [D^, W_|_77(iJo)]- A similar proof holds for [D^, VF_77(iJo)]- 
Since the wave operators are complete, one has Wj.ri{H) = s- limt^±oo e'*^° e~'*^ v{H), 
and an analogous proof can be given for the operators [Ds, W^'i]{H)]. □ 

Remark 4.4. In the case Yi = B the requirements of Definition \2.2\ and Assumption \4~2\ 
are satisfied by many functions f. A natural choice is f{u) — 2u, w G M, since in such 
a case f{H) - /(i?o) =2^6 M(Ht,Ht+K), t G R, k > 1. // S is not spherical 
there are still many appropriate choices for f. For instance if j > 0, then the function 
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f{u) = 2(u^ + 7) ^u'^, u G K, satisfies all the desired requirements. Indeed in such a 
case one has on Ti? the following equalities 

f{H) - /(ifo) 

= 2V- 2j{H^ + 7)-iy + 27(i/2 + 7)-i(i/o^ + VHo + V^){H^ + 7)'' Ho, 

and thus f{H) — /{Hq) also extends to an element of^(TCf, Tit+K.), i G K, k > 1, due 
to Lemma \TJ\ and the assumptions on V. 

Next Theorem provides a rigorous meaning to the anisotropic Lavine's formula 

(O- 

Theorem 4.5. Let S satisfy Assumption 12.71 Let V satisfy Assumption 13.71 with k > 4. 
Suppose that Assumption \4~2\ is verified. Then one has for each (p € S^s with s > 2 

/oo 
-00 ■' 

(4.21) 

where ( ■ , • ), : x C is the anti-duality map between H? and Ti^^. 

Proof (i) Set e**^e-**^o, and let V v{H)i^, where rj G Co°°((0,oo) \ 

(TppiH)) and -0 G V{D^). We shall prove that WD^WityipW < C, with C independent 
of t. Due to Lemma |2~4l (b) and Lemma|4T|(c) one has 

\\D^W{trij\\ = II e-'*«o e'*^« e"'^*^ r;(7/)(7?s + 0" Vi || 

< |t|||{/(i7)-/(i?o)}e-**^77(iJ)(7?s+*)-Vi|| (4.22) 

+ ||{7?s - t/(ff)}e-^*^77(iJ)(7?s +*)-Vi||, 

where ip = t]{H){Dy: + Let z G C \ {o-(i?o) U (t(7J)} and set fy(7J) := (7J - 

zf-q{H). Then Lemmas |2l1 (a), [12l and|43](a) imply that 

||{/(77) - /(77o)} c-"^ v{H){Ds + Vi || 

< |i|||{/(7/) - /(i7o)}(i^ - z)-\Ds + z)|| • ||(I?s + e-'^*^??(7?)(I?s + 

< Const. 

Calculations similar to those of Lemma |4. 31 (a) show that the second term of (|4.22| l is also 
bounded uniformly in t. 

(ii) Let W{t) and ?/> be as in point (i). Lemma |234l (b), Lemma|4T|(c), and commu- 
tator calculations as in (14.20b lead to 

(1^(0>, D^WitYi,) = (tA, e'*^ e-"^ V) - t (0, e"^ /(i^o) e""^ 0) 

Jo 

+ <(V',e**^{/(i7)-/(7?o)}c-^*^^). 
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The local iJ-smoothness of f{H) — ,f{Ho) implies the existence of a sequence i„ oo 
as n ^ oo such that 

lim t„ e''""{fiH) - /(ffo)} e-'*"^ V) = 0. 

n — *oo 

This together with point (i) and the local iJ-smoothness of Vs,/ implies that 

Jo 

Similarly, one finds 

r° 

J —OO 

and thus 

/QO 
-oo 

(4.23) 

Let If e S^s with s > 2. Due to Lemma 1431(b) the vector W-f{Hay^^^ip is of the 
form 'n{H)^p, with t] G C^((0,cx)) \ crpp(-ff)) and e V{D^). Thus one can put 
■i/, = W^_/(iJo)~^/V in Formula i4l3[ . This gives 

(5/(iJo)-^/V,^E5/(i7o)-^/V) - {f{Ho)''/'ip,Dj:fiHo)-'/'ip) 



and the claim follows by Theorem |3.5l □ 

Remark 4.6. Symmetrised time delay and usual time delay are equal when E is spherical 
(see Formula (II. lb ). Therefore in such a case Formula ( 14.211 ) must reduces to the usual 
Lavine's formula. This turns out to be true. Indeed if T. = B and f(u) = 2u, then 
f{Ho) = 2Hq, Vsj is equal to the virial V := 2V — i[V, I?]", and Formula ( 14.211 ) takes 
the usual fonn 



lim r, 

r — ^oo 



/oo 
ds { e— ^ W-H-^/^^, {V - i[V,D]-} e— ^ W.H-^/\)^ _^ 
-oo ' 



In the following remark we give some insight on the meaning of Formula ( 14.21b 
when E is not spherical. Then we present two simple examples as an illustration. 



Remark 4.7. Let V satisfy Assumption \3.1\ with k > 4, and choose a set T, ^ B satisfying 
Assumption \2.1\ In such a case the function f-f{u) := 2{u'^ + '^)^^u^, u G M., fulfills the 
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requirements of Definition \2.2\ and Assumption \4~2\ ( see Remark \4.4\l . Thus Theorem \4.5\ 
applies, and one has for Lp ^ S!s with s > 2 



lim Tr{f) 
r— *cx3 

/oo 
-oo 

Now fj{HQ)ip converges in norm to 2H^(p (3^ 7 \ 0, so formally one gets the identity 
lim T.r{^) = \ r ds(e— «l^_iJo"i/V,VEe-*'^^l^_iJo-'/V)2 (4.24) 



where 



and 



Vs := 2V - i{V, B^f = 2V - I ^ { [y, F^^{P)\ ■ + Q, ■ [V, Fs,(P)] }, 

j<d 

F^^{P) = -{d,G^){P)P\ (4.25) 



The pseudodifferential operator Vs generalises the virial V of the isotropic case. It 
furnish a measure of the variation of the potential V along the vector field —Fs, which 
is orthogonal to the hypersurfaces d'Sr due to Remark \2.3\ Therefore Formula ( 14.241 ) 
establishes a relation between symmetrised time delay and the variation ofV along — -Fs. 
Moreover one can rewrite Vs as 

Vs = V + i[V,D-Ds]'' 

3<d 

where P—Fy: (P) is orthogonal to P due to Formulas ( 14.25b and (I2.6I I. Consequently there 
are two distinct contributions to symmetrised time delay. The first one is standard; it is 
associated to the term V, and it is due to the variation of the potential V along the radial 
coordinate (see 4771 Sec. 6] for details). The second one is new; it is associated to the term 
i[V, D — Ds]" and it is due to the variation ofV along the vector field x <—>■ x — Fj:{x). 



Example 4.8 (Examples in M^). Set d = 2, suppose that V satisfies Assumption \3. 1 1 with 
K > A, and let S be equal to the superellipse 8 := \^{xi,X2) G | xf + X2 < l}. 

Then one has G£{x) = — ^ In (^xf + a;|) and (djG£){x) = —x^^{x\ + ^ . Thus due 
to Remark \4. 7\ the symmetrised time delay associated to £ is (formally) caracterised by 
the pseudodifferential operator 

= 2^ - t E { (^)] ■ + • P^J (^)] } ' 

where Fe.j{P) = PfP'^{P^ + P^y^ (see FigureU}. 
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Figure 1 : The vector field Fe and the sets d£r 



When S is equal to the star-type set 

e [0,27r), £{e) < [cos(20)8 + sm(20)8]"'/' 



S 



{m 



}■ 



one has Gs{x) ~ '^hi{x\+x\) — ^\n \^{x\ — x^)^ -\-2^{xiX2)^\, and a direct calculation 
using Formula (14.251 1 gives the vector field Fg- The result is plotted in Figure^ 




Figure 2: The vector field Fs and the sets i9cSr 
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Appendix 



Proof of Lemma 1X2] We first prove that (iJ—z) ^ extends to an element of .^(Hj ^jTi-t) 
for each t > 0. This clearly holds for t = 0. Since {Ho - z)-'^ {Pf = 2 + (1 + 2z){Ha - 
z)~^ one has by virtue of the second resolvent equation 

{Qf {H - z)-' {Pf {Q)-' (4.26) 
= 2+(l + 2;^) {Qf [Ho - z)-^ {Q)-' 

- {Qf {Ho - z)-\{Q) V) (Q)-* • (Q)*-^ {H - z)-^ {Pf (Q)"* . 

If we take < = 1 we find that each term on the r.h.s. of ( |4.26t is in ^(7i) due to JS] Lemmas 
1 & 2]. Hence, by interpolation, (Q)* {H - z)-^ {Pf {Qy^ e ,^{H) for each t e [0, 1]. 
Next we choose t G (1,2] and obtain, by using the preceding result and ( |4.26t . that 
(Q)* {H - z)-i (Pf (Q)^* e ,S§{n) for these values oft By iteration (take t e (2, 3], 
then t G (3,4], etc.) one obtains that (Q)* {H - z)'^ {Pf (Q)"* G ^{H) for each 
t > 0. Thus {H — z)~^ extends to an element of i^(7i^^, TLt) for each t >Q. A similar 
argument shows that {H — z)^^ also extends to an element of ,^{7i^^ ,T-lt) for each 
t < 0. The claim follows then by using duality and interpolation. □ 

Proof of Lemma UJ] For G and i G M, we have (see the proof of |I7] Lemma 4.6]) 

{W- - 1) c-'*"° Lp = -i Q-'*" I dr c"" V c'""° if, 

J —oo 

where the integral is strongly convergent. Hence to prove ( I3.17l i it is enough to show that 

/ dt I dT||ye"*^-^«(^|| < cx) (4.27) 

J — oo J —oo 

for some 5 > 0. If C min{K, s}, then || (Q)'' ip\\ < oo, and V {P)~'^ (Q)^ belongs to 
^{Ti) due to Assumption l3.1l Since rj{Ho)f = f for some -q G C|^((0, oo) \ (jpp{H)), 
this implies that 

||Fe-*^^>|| < Const. II {Qy'^ {Pf 7j{Ho) e''^"" (Q)"'^ ||. 

For each e > 0, it follows from ||2] Lemma 9] that there exists a constant C > such that 
||y g-»rHo (^11 < c (1 + \t\)~'^^\ Since C > 2, this implies dlTTb . The proof of ([ill 
is similar. □ 
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